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Abstract
Laboratory and numerical experiments are presented on the
emission of sound on bubble coalescence. The aim was to
better understand the fluid-dynamical mechanisms leading to
sound emission. Bubbles were formed from a needle. Coor-
dinated high-speed video and acoustic measurements demon-
strated that the emission of high-amplitude sound coincided
with the coalescence of a primary bubble with a smaller sec-
ondary. A numerical simulation was performed using a com-
pressible level-set front-capturing code, in which a compress-
ible gas and nearly compressible liquid are modelled by a sin-
gle set of the Navier-Stokes equations with a generic equation
of state for both phases. In the simulations, the spherical pri-
mary and secondary bubbles initially at acoustic equilibrium
were brought into contact. The numerical calculations predicted
the frequency of emitted sound and the bubble coalescence dy-
namics very well. The results suggest that the equalization of
Laplace pressures could be the mechanism leading to sound
emission.
Introduction
The natural frequency emitted by bubbles oscillating volumetri-
cally with small amplitude has been theoretically predicted and
experimentally confirmed for nearly a century [36, 28, 38, 20,
25]. For millimetre-sized bubbles, an excellent approximation
to the natural frequency f0 is given by Minnaert’s equation [28],
f0 = 12pi
√
3γP0
ρ .
1
R0
, (1)
where γ is the ratio of specific heats of gas inside the bubble, P0
is the absolute liquid pressure, ρ is the liquid density and R0 is
the equilibrium bubble radius. However, it is more challenging
to explain the mechanism with which bubble sound emissions
are initiated. Thus, unlike the frequency, the amplitude of bub-
ble sound emissions is difficult to predict. Passive emission of
small-amplitude sound by bubbles is common in many practical
industrial flows [10, 3, 24] or environmental flows [27, 6, 22].
The difficulty in predicting the amplitude is one problem in the
interpretation of the signals from such sources [3, 24], leading
to complex signal-processing approaches [1, 22]. Numerical
simulations of compressible multiphase flows, while advancing
in quality [e.g. 31, 11, 23, 4] and offering many insights [33] re-
quire careful comparison with matching laboratory experiments
in order to elucidate the actual excitation mechanism.
Longuet-Higgins [19] proposed three general mechanisms by
which the energy giving an initial acoustic perturbation could be
imparted to the bubble: (i) a difference in instantaneous Laplace
pressure at the instant the bubble is formed; (ii) the radial inrush
of liquid as the pinch-off occurs; and (iii) an excitation of the
volumetric or ‘breathing’ mode of the bubble by nonlinear inter-
actions of shape modes [17, 18]. It is likely that some of these
mechanisms might apply in some situations, but not in others
[12].
Bubbles can emit sound when they pinched off from a parent
body of gas. In this case, the excitation mechanism may be a
variant of (ii): it has been observed [12] that a high-speed liquid
jet penetrates the bubble on the breaking of the neck that joins
it to its parent body of gas, and may be responsible for com-
pressing the trapped gas [26]. This phenomenon remains too
rapid for experimental quantification, although new ultra-high
speed cameras may soon permit pinch-off physics to be studied.
Longuet-Higgins [20] also proposed that orifice-formed bubbles
could make sound by mechanism (iii).
Bubbles can also emit sound when created by the entrapment
of air from a free surface. This might occur in contexts such as
raindrop impact [e.g. 35, 34], a plunging jet [e.g. 9, 5] or wave-
breaking [e.g. 27, 16, 6, 22]. At the instant the surface closes,
pinching off the bubble, there must be a sudden transition from
a cavity at atmospheric pressure to a closed bubble in which the
pressure exceeds atmospheric by the Laplace pressure due to
surface tension, plus the hydrostatic pressure that must now be
supported. Thus, in this second class of phenomena, mechanism
(i) is a possible explanation as well as (ii) and (iii). Pumphrey
& Elmore [35] created bubbles from drop impacts in the labo-
ratory. The amplitude predicted by the Laplace-pressure theory
was only about 25% of the experimental values, and the trend
with bubble size was not predicted. However, statistical confi-
dence is hard to obtain in drop-impact experiments unless par-
ticular experimental procedures are adopted [e.g. 15], because
there is considerable variation from drop to drop owing to the
natural variation in impact conditions.
The present paper reports experiments and numerical simula-
tions in which bubbles emit sound on coalescence. These bub-
bles are formed by pinch-off from an orifice but create their
loudest sounds on coalescence. Unlike earlier acoustic drop
impact studies, repeatability is excellent. Depending on the air
flow rate, zero, one, or several coalescences might occur. All
mechanisms (i), (ii) and (iii) are conceivable in this case.
Experimental Method
The general experimental set-up is shown in Figure 1. The test
section was a glass tank 1,000 mm high with a square cross-
section of 150 mm. The tank was filled with filtered tap water
at a temperature between 16 and 17◦C. Air bubbles of 1.6 mm
diameter were injected at 85 mm from the bottom of the tank by
a needle with an internal diameter of 0.1 mm and a length of 100
mm. The rate of bubble production was controlled by adjusting
the pressure in the tank to which the needle is connected.
A high-speed digital video camera (Photron Ultima APX) was
used to film the bubble detachment from the tip of the nee-
dle at a frame rate of 20,000 Hz and with an exposure time of
1/87,600 s. The region imaged was 1.113 mm high and 2.226
mm wide with a resolution 128×256 pixels. Images of the bub-
bles were processed to extract their equivalent spherical radius
and location as a function of time [7] .
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(a)
(b)
Figure 1: Schematic of the experimental set-up. (a) Tank and
air supply. (b) Bubble formation and hydrophone.
A Bru¨el & Kjaer type 8103 hydrophone was used to transduce
the acoustic signal. In the relevant 1-10 kHz band, this hy-
drophone type has an essentially spherical directivity field, en-
suring sounds from any direction are equally transduced, and
there is a linear conversion from transduced voltage to pressure
based on the hydrophone’s individual calibration. The location
of the hydrophone relative to the needle was measured with an
accuracy of ±0.1 mm by taking images in two orthogonal direc-
tions. Distances were calculated from the true acoustic centre
of the 9.5 mm diameter hydrophone. In the present experiments
the distance from the acoustic centre to the bubble centre was
19.1± 0.1 mm. The hydrophone’s presence caused no distur-
bance to the bubble formation and rise dynamics.
In a series of initial tests, the hydrophone was traversed in the
horizontal and vertical. This was to check that the sound field
fell off approximately as 1/r, where r is the distance from the
bubble centre, rather than being significantly affected by sound
wave modes or reverberations. Tests were also carried out in
larger tanks to confirm that the 150 mm cross-section of the
actual tank did not cause any distortion or modification to the
acoustic signal created by bubbles formed from the needle. It
is known that as the tank in which bubbles are formed is made
smaller, there will eventually be an effect on the acoustic signal
[30], although this problem is most marked with tanks of circu-
lar rather than square cross-section. For the bubbles created in
the present experiments, the tank used was confirmed to be an
appropriate size and shape to preclude wall or tank-size effects.
The hydrophone signal was pre-amplified by a Bru¨el & Kjaer
type 2635 charge amplifier set to the individual calibration of
the hydrophone. The signal was then fed through a purpose-
built high-pass 5-pole Bessel filter with a 500 Hz cut-off and
an amplitude gain of 10. The high-pass filtering eliminated
any low-frequency pressure fluctuations due to bubble motion
while preserving completely the bubble-acoustic signals which
were all above 3 kHz. The filtered signal was digitized by a
National Instruments Data Acquisition Card type 6024E using
high-speed data logging software built on the National Instru-
ments LabView platform. Considering the typical level of back-
ground noise, the random error in transduction of the acoustic
pressure was less than 10%. This could be improved if neces-
sary with low-pass filtering, but for the present paper this accu-
racy was sufficient.
The gate signal from the camera was logged on one channel
of the datalogging card and the high-pass filtered acoustic sig-
nal was logged on a second channel. A nominal logging rate
of 120 kHz was used for both channels. However, since a pre-
cise comparison of the video and acoustic signals was required,
it was noted that no card will in fact digitize data at exactly
the requested rate but at a marginally different rate dependent
on the card’s internal arithmetic; in the present experiments
this marginal difference is sufficient to cause a noticeable mis-
alignment of acoustic and video records for the lowest bubble-
production rates. The actual logging rate was extracted from
low-level routines and was found to be 119,760.48 Hz; its use
ensured a comprehensively precise comparison of acoustic and
video records.
A digital oscilloscope (Tektronics TDS210) enabled a measure-
ment of the rate of production of primary bubbles, by measuring
the interval between pulses. Typically, this could be done with
an accuracy of ±0.1 s−1 or less; however, as noted below, for
the highest bubble production rates the bubble formation be-
came less regular, giving a bubble-production rate estimation
accuracy of ±0.5 s−1.
The acoustic pressures measured at the hydrophone were con-
verted to the acoustic pressures that would be present at the
monitoring point P1 in the numerical simulation (Figure 5), as-
suming the acoustic field was monopolar. This can be justified
by the initial checks that showed the sound pressure amplitude
trending approximately as 1/r with distance.
Acoustic time series and photo-montages of the high-speed
video frames were generated over the same time window so
that acoustic and visual events could be clearly correlated. The
original size of the frames, which can be seen in Fig. 3, was 128
pixels wide by 256 pixels high. Given the desired time window
and the number of frames available within that time, the width
was calculated of a vertical ‘strip’ of the centre of each frame.
For example, to fit 100 frames into a montaged image 400 pixels
wide, a vertical strip with the central 4 pixels of each 128 pixel
image was inserted into the montaged image at its correspond-
ing time. Since most of the interesting variations occur on the
centreline of the bubble image, this technique preserved much
of the relevant information content of the high-speed video. In
the extreme, a montage of strips each only 1 pixel wide would
be a ‘time-space diagram’ [e.g. 8] showing the rate at which
events move along the centreline.
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Numerical methods
The numerical model was based on: i) the level-set method to
track the interfaces; and (ii) an explicit flow solver for com-
pressible and nearly incompressible multiphase flows. The gas
and liquid are treated as a single continuum fluid with properties
varying continuously from gas to liquid states. Coupled with
a high-resolution advection scheme, this modelling approach
would allow the description of the movement of gas and fluid
and the deformation of the interface separating them on a fixed
computational mesh [4].
The compressible-nearly incompressible flow solver was based
on the solution of an additional differential equation for pres-
sure which was derived from the laws of mass and energy con-
servation,
∂p
∂t +~u∇p =−ρc
2∇~u, (2)
where c is the sound speed defined as
c2 = γ
(
p+ p∞
ρ
)
,
where p∞ is a stiffness parameter which is zero for the gas.
A generic equation of state of the form
ρe = p+ γp∞γ−1 , (3)
was used, where e is the internal energy. The parameter γ has
the usual meaning of the ratio of specific heats for the gas, but
is used in conjunction with p∞ to define the compressibility of
the liquid.
To track the evolution of the interface, an equation was em-
ployed that describes the convection of a level function. This
function is chosen as a signed distance function with the zero
level set defining the interface location [32], and has the form
φt +(~u ·∇)φ = 0. (4)
Using the level function, the steep changes of fluid properties
across the interface were smoothed out to minimize numeri-
cal oscillations in the solution of Navier-Stokes equations. The
level function was also used to calculate interfacial geometri-
cal properties, such as the normal vector, ~n, and the interfacial
curvature, κ, as follows:
~n =
∇φ
|∇φ| , κ = ∇ ·~n,
which in turn define the surface tension.
The system of differential equations describing the fluid and in-
terface motions was solved using a projection method. This
comprised a prediction and a correction steps (see [40]).
The high-resolution numerical schemes ENO (Essentially-Non-
Oscillatory) or WENO (Weighted ENO) was used for the con-
vective flux calculation.
Experimental Results
At very low bubble production rates fb less than 3.5 s−1, a se-
ries of single bubbles was formed. High-speed imaging con-
firmed that there was no coalescence. A very faint signal was
detectable on amplification of the hydrophone signal, barely
above the background noise, corresponding to the pinch-off of
each bubble. In passive-acoustic pinch-off experiments reported
earlier [24, 23], the pinch-off process generated sounds audible
to the naked ear. The bubbles of the present experiment are
approximately 1.6 mm in diameter, whereas bubbles produced
in passive-acoustic pinch-off experiments reported earlier [24]
ranged from about 4 to 8 mm in diameter. Hence the present
bubbles were one to two orders of magnitude smaller in vol-
ume, and thus had much less energy stored on compression and
available for acoustic emission.
Once the air flow rate is increased such that the bubbling rate
fb is above 3.6 ± 0.1 s−1, occasional loud clicks are audi-
ble and corresponding sharp spikes appear on an oscilloscope
trace. These spikes have an order of magnitude greater ampli-
tude than the sound created on pinch-off. The frequency was
4.15±0.5 kHz which is the Minnaert frequency for a bubble of
1.6 mm diameter. Above an air flow rate of 3.8±0.1 s−1, loud
clicks are produced regularly and the spikes are spaced regularly
at the bubble production rate. The 3.8± 0.1 s−1 threshold for
this phenomenon was quite repeatable in separate experiments
performed over several different days.
Figure 2: Timeseries of acoustic data over a time of 300 ms,
with pressures transformed to values expected at the numerical
simulation monitoring point P1 (see Figure 5). Bubble produc-
tion rate 3.82± 0.03 s−1. Series triggered on a pulse at time
t = 0.
The acoustic record over a time window of 300 ms is shown
in Fig. 2. Acoustic pressures shown have been transformed as-
suming a 1/r dependence to the pressures expected at the nu-
merical simulation monitoring point P1. Bubbles were formed
from the needle at 3.8 s−1, which is about 260 ms apart. The
acoustic emissions were a series of sound pulses, an order of
magnitude amplitude higher than the background. Each pulse
was audible as a single ‘tap’ or ‘knock’ like an individual mu-
sical note being struck. These emissions were thus just like
any individual bubble-acoustic pulse reported in the literature
[e.g. 28, 39, 14, 24]. Close observation of the high-speed video
(Fig. 3) shows that a smaller secondary bubble formed imme-
diately after the primary has detached, and soon thereafter co-
alesced with it. The details of this phenomenon including the
size of the bubbles had excellent repeatability. The secondary
bubble was much smaller, about a sixth the diameter of the pri-
mary. It coalesced with the primary before it had detached it-
self, thus temporarily re-attaching the primary to the air supply.
About 0.1 ms later, it detached itself and was absorbed into the
primary. Loud sound emission under circumstances of bubble
coalescence has been noted before [13].
The circumstances leading to in-line pairing and subsequent co-
alescence of orifice-formed bubbles have been studied before,
particularly in the chemical engineering literature [29, 2, 37,
21]. However, most detailed coalescence studies are for the
pairing and coalescence of equal-sized bubbles.
Thus, each of the “3.8 bubbles per second” is really a pri-
mary that has coalesced with a secondary immediately follow-
169
first detachmentprimary bubbleformation of secondary bubbleformation of
final bubblesecondary detachment
t=0 mst=!0.15 ms t=0.05 ms t=0.10 ms t=2.05 ms
t=!3.04 ms t=!1.05 mst=!3.95 mst=!15.15 mst=!0.244 s
 sound emission
coalescence and
Figure 3: Bubble formation sequence. Bubble production rate
fb is 3.8 s−1, bubble diameter 1.6 mm, as in Figure 2.
Figure 4: Time-series of video and acoustic data over a time
of 1 ms. Bubble production rate fb is 3.8 s−1, bubble diame-
ter 1.6 mm, as in Figures 2-3. Secondary scale in upper panel
shows video frame numbers.
ing, so that over a long time scale they appear to be one bub-
ble. Each formation-and-coalescence event is heard as a single
sound pulse. Over the 300 ms timescale, the second formation-
and-coalescence event appears as a second pulse about 260 ms
later. Furthermore, the sound created on coalescence had an or-
der of magnitude greater amplitude than the sound created on
pinch-off.
As the air flow rate is increased, further coalescences occurred
with each primary bubble, with the number of coalescences in-
creasing with air flow rate and each coalescence regime being
quite repeatable. Like the binary in-line coalescences noted
above, multiple coalescences at a needle tip have been observed
before with photographic techniques [e.g. 41]. In the present ex-
periment, the production of the primary bubble and all follow-
ing bubbles that coalesced with it were still clearly separated in
time from the production of the next primary bubble. Thus the
‘bubbling rate’ fb is the rate of production of primary bubbles.
At a bubbling rate of 25± 0.5 s−1, up to nine coalescences
were observed in the high-speed video data; in this case each
of the “25 bubbles per second” is really a bubble formed from
the merging of 10 bubbles. Above 25±0.5 s−1 bubble produc-
tion becomes chaotic.
In Fig. 4, the time window shows 1 ms bracketing the coales-
cence event, for the case of fb = 3.8 s−1 in which only one
coalescence per primary occurs. The time t = 0 has been set at
the centre time of the frame where coalescence of the primary
and secondary bubble occurs. It is clear that the sound pulse is
initiated at the very instant of coalescence. It can be noted that
prior to sound production, the primary bubble begins to develop
a small, downward-pointing ‘nose’ in response to the approach
of the secondary bubble. It is clear that sound pressure rises
during the coalescence event.
Numerical simulations of bubble coalescence
Simulation of bubble coalescence was conducted in an axisym-
metric coordinate system. The computational domain size was
7.68 x 11.52 mm (see Figure 5) described by a uniform 256
x 384 computational mesh. The bottom and side walls had no-
slip boundary conditions and the top of the domain was free slip.
The initial radii of the large and small bubbles were 0.8 mm and
0.125 mm, respectively, to match the experiment. The bubble
density and viscosity were set as 1.2 kg m−3 and 1.7×10−5 Pa
s. The liquid density and viscosity had their physical values of
1000 kg m−3 and 0.001 Pa s. The bubbles were assumed to be
filled with an ideal gas with γ = 1.4 and p∞ = 0 Pa and the liq-
uid was assumed to be nearly incompressible with γ = 7.15 and
p∞ = 3.05×108 Pa. The surface tension coefficient was that of
the air-water interface, i.e. 0.074 kg s−2. Other parameters and
conditions were chosen to match the conditions of the experi-
ment shown in Figures 2- 4. The locations of the initial bubbles
and monitoring points are shown in Figure 5.
The predicted shapes of the bubbles at different times before
and after the coalescence are shown in Figure 6. In Figure 7,
the experimental observations are shown for the same times. It
can be seen that there is a very good agreement in the interfa-
cial dynamics of the coalescence event. In the experiment, the
secondary was still attached to the air supply on coalescence,
hence re-attaching the primary temporarily. The only signifi-
cant qualitative differences might be attributed to the fact that
in the simulation there was no air supply feeding the secondary
bubble immediately after a coalescence.
The numerically simulated frequency of pressure oscillation
was 4000 Hz, which agrees well with the natural oscillation
frequency of the larger bubble predicted by (1), which is ap-
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Figure 5: Computational domain with initial bubbles and mon-
itoring points P1 and P2.
proximately 4077 Hz. Furthermore, the numerically simulated
frequency is within about 5% of the experimentally measured
frequency of about 4150 Hz. The peak pressure at point P1
is about 13 Pa, whereas the experimental data, transformed to
point P1, corresponds to about 20 Pa.
Conclusions
A system in which bubbles coalesced on formation generated
loud bubble-acoustic emissions at the instant of coalescence of
secondary bubbles with the primary bubble. A compressible-
flow numerical model based on the level-set method was able to
t = -0.15 t = -0.1 t = -0.05
t = 0. t = 0.05 t = 0.1
Figure 6: Numerical simulation of the bubble coalescence. Unit
for the relative time is ms.
accurately predict both the kinematics of the bubble coalescence
event and the frequency of the sound emission. The simulation
correctly predicted the sound pressure amplitude rising at the
instand of coalescence. The numerical model also obtained an
estimate of the sound amplitude in the same order as the exper-
iment.
The numerical domain was over an order of magnitude smaller
than the experimental domain and so one would not expect the
time series of pressure oscillations to be the same. Nonetheless,
the acoustic oscillation frequency of the bubble was predicted
to within 5%. The amplitude was less well predicted, being a
factor of 1.5-2.0 lower than what would be expected from the
experimental data.
The amplitude of the emitted sound was up to an order of mag-
nitude greater than the sound created on pinch-off of the pri-
mary bubble. The sound frequency was at the Minnaert fre-
quency of the large bubble. As the air flow rate increased, the
size and number of secondary bubbles increased, and the sound
amplitude also increased. On coalescence, the sound pressure
was found to always rise initially.
The experiments and the numerical simulations agreed that in
the present coalescence phenomenon there was no jet penetrat-
ing the bubble, as found in experiments on sound generation
on pinch-off [12, 26]. Hence, mechanism (ii) seems unlikely.
The experiments and the numerical simulations also agreed that
sound was emitted at the very instant of bubble coalescence. At
the time of sound emission, shape-mode distortions have not
yet begun to relax, a process that might generate sound emis-
sions by mechanism (iii). Mechanism (i), the Laplace-pressure
equalization phenomenon, appears to have survived this rough
elimination. However, more detailed numerical experiments
and matching laboratory work would have to be performed to
test the Laplace-pressure hypothesis.
Future numerical experiments should attempt to examine the
Laplace pressure mechanism (i) versus the shape-mode mech-
t = -0.15 t = -0.1 t = -0.05
t = 0. t = 0.05 t = 0.1
Figure 7: Experimental data for the same times as Figure 6.
Unit for the relative time is ms.
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Figure 8: Variation of the pressure.
anism (iii). Laboratory experiments should be conducted in
which the size of the secondary bubble could be systematically
varied, and in which the added complication of re-attachment
could be avoided.
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